Chiral Symmetry and Vertex Symmetry in the Extended Moeller-Rosenfeld
  Model by Catto, Sultan
ar
X
iv
:h
ep
-th
/0
30
21
02
v1
  1
4 
Fe
b 
20
03
Chiral Symmetry and Vertex Symmetry in the extended Moeller-Rosenfeld
Model
Sultan Catto†
Physics Department
The Graduate School and University Center
365 Fifth Avenue
New York, NY 10016-4309
and
Center for Theoretical Physics
The Rockefeller University
1230 York Avenue
New York NY 10021-6399
Abstract
Vertex symmetry for interacting fermions will be shown to lead to a
Lagrangian exhibiting SU(2N)W invariance associated with the subgroup
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of the bound state quark wave function.
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Introduction
In this paper we shall connect some approximate symmetries of nuclear forces to
what is believed to be the fundamental theory of nuclear forces: Quantum Chro-
modynamics (QCD). Ideally we should be able to calculate all hadronic constants
like the meson-baryon, meson-meson coupling constants (more generally the in-
variant form factors) and baryon and meson masses to give the strength and the
range of nuclear forces, starting from the dynamics of quarks and gluons. We are
still far from this goal. However, we can set ourselves more modest objectives.
As an intermediate step we might concentrate on the properties of the coupling
of mesons to quarks, then try to infer general properties of hadronic interactions
from the assumed properties of the former. If we study the nucleon-nucleon inter-
action, say from the nucleon-nucleon, meson-nucleon scattering, or the spectra of
light nuclei, two kinds of approximate symmetries emerge: (a) A Wigner SU(4)
symmetry combining isospin with spin and broken by spin dependent terms; (b)
An approximate chiral symmetry broken by the pion mass. Recently more ev-
idence has accumulated in nuclear physics extending the domain of validity to
more hadronic processes[1]. The important role played by the ∆ exchange along
nucleon exchange in phenomena exhibiting chiral symmetry points out to a possi-
ble link of the SU(4) symmetry (which puts N and ∆ in the same multiplet) with
chiral symmetry[2]. In turn this relation can only arise from the combination of the
SU(4) and chiral symmetries at the deeper quark level as a consequence of QCD.
Another piece of evidence comes from the role the scalar mesons ǫ(f) and δ(a0)
play in decay processes. Scalar meson couplings calculated by this method will be
shown to be consistent with chiral and SU(4) symmetries at the quark level. This
fundamental SU(4) × SU(4) symmetry leads to a universal coupling of quarks
to pseudoscalar, vector mesons as well as to scalar and pseudovector mesons. In
turn the exchange of all these mesons between nucleons yield nuclear forces ex-
hibiting an approximate chiral SU(4)× SU(4) symmetry. Arguments supporting
this view will be given in this paper. It will be shown that for relativistic quarks
the potential is invariant under chiral transformations and the SU(4) group except
for definite spin dependent terms and mass differences between mesons.
Starting from field theory of free and interacting quarks we will first examine
quark spin and solve a quantum mechanical bound state problem as an approxi-
mation to field theory bound state problem by extracting a potential V . We will
then study the general properties of the confining (long range) part of V and its
short range part and address models leading to a spin independent or SU(N × 2)
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invariant potentials (where N is the number of flavors). For relativistic quarks
we will show that the potential is invariant under chiral transformations and the
SU(4) group except for definite spin dependent terms and mass differences be-
tween mesons, and show invariance of the potential using a larger group structure.
Quark-meson couplings
The fundamental couplings in QCD are the self coupling of the gluons and the
gluon-quark couplings which are determined uniquely by the gauge principle of
local color invariance (SU(3)c). Through this interaction quarks are assumed to
form qq¯ (meson) and (qqq) (baryon) bound states. Because of asymptotic free-
dom, quarks behave like quasi-free particles at small separation. There is a vertex
function between the qq¯ meson bound state and the quasi free q and q¯. For each
quantum state of the qq¯ system this vertex function can be approximated by a con-
stant which we shall call the quark-meson coupling constant gqq¯M . Then, under
the additivity hypothesis the meson-nucleon coupling constant is
ΓNN¯M = 3 gqq¯M . (1)
The relativistic coupling constants are defined in terms of an effective quark me-
son interaction Lagrangian
Lint = gs q¯τaqχa + hs q¯τaσµνq∂µχa + gPsv q¯τaγ5γµqW a5µ
+hPsv q¯τaσµνqW˜
a
µν + gPs q¯γ5τaqφ
a + hPs q¯τaγ5γµq∂µφ
a
+gv q¯τaγµqV
a
µ + hv q¯τaσµνqV
a
µν (2)
where a = 0, 1, 2, 3, τ0 = 1 and
V aµν = ∂µV
a
ν − ∂νV aµ , W aµν = ∂µW a5ν − ∂νW a5µ, (3)
W˜ aµν =
1
2
ǫµνρκW
a
ρκ, (4)
∂µV
a
µ = 0, ∂µW
a
5µ = 0. (5)
Also note that the hs term in Eq.(2) is a total divergence and can be omitted.
The derivative (momentum dependent) interactions are important since Lint is
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an effective Lagrangian and there is no renormalizability constraint in the La-
grangian. The constants g and h can be calculated from QCD following a definite
scheme. Forexample at short distances coupling is similar to the probability of
dissociation of positronium into its constituents, the massless photon field playing
the role of the gluon field. For group theoretical treatment of this problem see
Barut and Aydin[3]. Rather than embarking on such a calculation we can review
the available phenomenological information on these couplings, starting from the
nucleon-meson vertex.
Also note that because SU(4)×SU(4) is embedded in SU(6)×SU(6), there
are two pseudoscalar fields φ0, namely η and η′ and two vector fields V 0µ , namely
ωµ and φµ, with η
′ being approximately SU(4) singlet. There is a similar dou-
bling of isosinglets for scalars and pseudovectors. We have the following identifi-
cations:
φ0 : η, η
′
φi : πi (i = 1, 2, 3)
V 0µ : ωµ, φµ
V iµ : ρ
i
µ
χ0 : ǫ(f0)
χi : δi(ai0)
W 0µ : Eµ
W iµ : A
(1)i
µ (a
(1)i
µ )
(6)
To determine the representation we start from the quarks qαL and qαR (α = 1, 2),
with α the isospin index, and with further identifications
qαL : (4, 1), q
α
R : (1, 4)
qˆαL = iσ2q
∗
L : (4¯, 1), qˆ
α
R = iσ2 q
∗
R : (1, 4¯) (7)
q¯τaq = q†Lτ
aqR + q
†
Rτ
aqL, q¯γ5τ
aq = q†Lτ
aqR − q†RτaqL (8)
so that
4
q¯
1 + γ5
2
τaq ←→ q†LτaqR : (4¯, 4) pi, δ(a0)
q¯
1− γ5
2
τaq ←→ q†RτaqL : (4, 4¯) ǫ (η, f0)
q¯
1 + γ5
2
τaσµνq ←→ q†LτaσiqR : (4¯, 4) ρaµν , Baµν (Aaµν)
q¯
1− γ5
2
τaσµνq ←→ q†RτaσiqL : (4, 4¯) ωµν , B0µν (a0µν)
q¯τa
1 + γ5
2
γµq ←→ q†LτaσµqL : (15, 1) + (1, 1)
q¯τa
1− γ5
2
γµq ←→ q†RτaσµqR : (1, 15) + (1, 1) (9)
Thus, each meson is described by its generalized coordinates and generalized mo-
menta (derivative field). The combination of these fields in the interaction Hamil-
tonian generate the (4, 4¯), (4¯, 4), (15, 1), (1, 15) and (1, 1) representation of the
chiral SU(4)× SU(4).
The Dirac qα quark Lagrangian can be regarded as being SU(4) × SU(4)
invariant since the u and d quarks can be taken to have negligible masses in the
first approximation.
A mass term for the quarks that can be induced by a non-zero vacuum expec-
tation value of the isosinglet scalar field will behave like the neutral component of
(4, 4¯) + (4¯, 4), breaking the symmetry down to SU(4) and isospin SU(2).
Under the SU(4) subgroup of SU(4) × SU(4), the nucleon N and the ∆
resonance form the 20-dimensional representation contained in the symmetric part
of the product 4⊗4⊗4. The various derivative couplings ofN and ∆ are contained
in [(4, 1) + (1, 4)]3 product representations of SU(4)× SU(4).
Let us now briefly look at the free quark approximation to QCD and vertex
symmetry for interacting fermions, then buildup the symmetry in the potential
approximation. We shall later return also to embedding these structures in larger
groups and look at group decompositions.
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The Free Quark Approximation to QCD
First consider the simplified case of colored quarks with no flavor, interacting
through the exchange of color gluons and obeying the Dirac equation
γµDµψ
i = mψi (i = 1, 2, 3) (10)
where m is the quark mass, i the color index and Dµ the covariant derivative
Dµ = ∂µ +
i
2
gλaBaµ, (a = 1, . . . , 8) (11)
where g is the quark-gluon coupling constant and the λ’s are the eight 3 × 3
Gell-Mann matrices associated with SU(3). When we consider a quark and
an antiquark localized at very short distance separation, then, from asymptotic
freedom[4] we know that the renormalized strong fine structure constant g2r/4π =
αs tends to zero at high momentum transfers (short spatial separation). In such
a situation the covariant derivative Dµ can be replaced by ∂µ and in the zeroth
approximation we can treat the quark inside the hadron as obeying the free Dirac
equation for small x, the origin being the center of mass of the quark system in
the hadron. Then we can write
ψ(x) =
∫
d3p√
2p0
e
1
2
γ5σ·λ(p)eiγ4p·x(ap + γ5bˆp) (12)
where
a =
(
a1
a2
)
, bˆ = iσ2b
∗ =
(
b†2
−b†1
)
(13)
λ(p) =
p
|p| tanh
−1 |p|
p0
(14)
ap =
(
a
a
)
= γ4ap, if γ5 is diagonal
and
ap =
(
a
0
)
= γ4ap, if γ4 is diagonal (15)
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a†p,sz , b
†
p,sz
(sz = 1, 2) are respectively creation operators for particle and antiparti-
cle Wigner states for the Poincare´ group corresponding to momentum p and spin
component sz, i.e.
a†p,sz |0 >= |m, s =
1
2
;p, sz > (16)
with
p20 − |p|2 = m2 (17)
The exponential can be evaluated as
exp{1
2
γ5σ · λ(p)} =
√
p0 + γ5σ · p
m
=
m+ p0 + γ5σ · p√
2m(m+ p0)
(18)
We also have the useful identity
exp{1
2
γ5σ · λ(p)}1 + γ4
2
=
√
p0
m
(
m+ iγ · p
p0
)
1
2
1 + γ4
2
(19)
The projection operators 1
2
(1±γ4) project the large (+) or small (−) components
of the free wave function. To simplify the formulae we have also omitted the color
index. For a more general description in terms of boost operators and Heisenberg
algebras satisfied by these operators we refer to our earlier paper[5].
We have the following conserved quantities
(a) Quark Number:
B =
∫
jµdσµ =
∫
j0d
3x (20)
where
jµ = ψ¯
iγµψ
i, (i = 1, 2, 3); ∂µjµ = 0 (21)
This is the number of quarks minus the number of antiquarks.
(b) Charges
Putting back the flavor index r in the case of 3 quarks
Qa =
1
2
∫
ψ¯rγµλ
a
rsψ
sdσµ (22)
(c) Energy Momentum
Pµ =
∫
Tµνdσ
ν , Tµν = ψ¯γµ
←→
∂ν ψ (23)
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The Hamiltonian P 0 is given by:
H = P 0 =
∫
p0(a†pap + b
†
pbp)d
3p (24)
(d) Conserved Spin Operators
We now make the Tani[6]-Foldy-Wouthuysen[7] transformation which is the
same as the Wigner transformation on particle states. Let us rewrite the Dirac
equation in the form
iHψ = (imγ4 − iγ4γn∂n)ψ (25)
(i∂n = pn on a momentum eigenstate).
The covariant states are obtained by applying on the vacuum the operator ψc =
γ2ψ
∗
, the charge conjugate operator obtained by exchanging a’s and b’s.
ψc|0 >=
∫
d3p exp{ i
2
γ · λ(p)}|p > eip·x (26)
where we have used
γ5σ = iγ4γ, γ4aˆp|0 >= aˆp|0 > (27)
and Eq.(19). To obtain the covariant state from the Wigner state we must then
apply a non-local operator on |p > exp(ip · x). We find
ψc|0 >= W (−i∇)
∫
aˆp e
ip·x(d3p)|0 > (28)
where
W (−i∇) =
√
m+ γ ·∇
(m2 −∇2) 12 (29)
so that the operator
ς(x) = W (−i∇)ψ(x) (30)
creates Wigner antiquark states and ςc(x) creates quark states. The non-local
operator W (−i∇) is a unitary operator that connects covariant states with Wigner
states.
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We can now transform the Hamiltonian with W . Transforming Eq.(25) we
find
H
′
= WHW−1 = γ4Ep = γ4
√
m2 + |p|2 = γ4(m2 −∇2) 12 (31)
Thus, the transformation diagonalizes H in a representation for which γ4 is
diagonal. The expansion of Eq.(31) in m−2∇2 gives the Schro¨dinger operator
for the upper and lower components separately, plus relativistic correction terms.
Note that H ′ , unlike H , commutes with the spin operators σn and with γ4σn
[σn,WHW
−1] = 0 (32)
or
[W−1σnW,H ] = 0 (33)
Hence, the non-local objects
1
2
σ
′
n =
1
2
W−1σnW,
1
2
(1± γ4)σ′n (34)
are constants of the motion. These are the non-covariant spin operators that are
conserved for free quarks and approximately conserved in QCD. Thus the con-
served generators of the relativistic but non-covariant SU(6)× SU(6) are
1
2
(1± γ4){1
2
σ
′
n,
1
2
λa,
1
4
σ
′
nλ
a} (35)
If we work with the set of generators 1
2
σn,
1
2
λa, 1
4
σnλ
a where n = 1, 2, 3 and
a = 1, · · · , 8 we must use the transformed Hamiltonian H ′ .
We now turn to another transformation of the Hamiltonian that singles out
a direction and therefore is valid on the light cone. For extremely relativistic
quarks the expansion of H in m−2∇2 or the velocity square is not a good one.
In this case we can remove transverse components of p, say p⊥ (p1 and p2 if the
direction singled out is the third axis) by a unitary transformation. This is the
Cini-Touschek[8] transformation rediscovered by Melosh[9]. It is given by
W⊥ = exp{ i
2
tan−1
p⊥
m
γ⊥ · p⊥} (36)
where
γ⊥ · p⊥ = γ1p1 + γ2p2, p⊥ =
√
p21 + p
2
2 (37)
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pn = −i∂n (38)
Then the transformed Hamiltonian takes the form
H
′′
= W−1⊥ HW⊥ = γ5σ3p3 + γ4
√
m2 + p2⊥ (39)
Note that H ′′ no longer commutes with σn and γ4σn but only with the subset
1
2
γ4σ1,
1
2
γ4σ2 and
1
2
σ3 (40)
that also generates an SU(2) group. Then
1
2
σ
′′
1 =
1
2
W−1⊥ γ4σ1W⊥,
1
2
σ
′′
2 =
1
2
W−1⊥ γ4σ2W⊥
1
2
σ
′′
3 =
1
2
W−1⊥ σ3W⊥ (41)
also generate rotations and the generators of the SU(6)W group
1
2
σ
′′
n,
1
2
λa,
1
4
σ
′′
nλ
a (42)
commute with the original Hamiltonian H .
The operators Eq.(40) are the Stech[10] spin operators. They were rediscov-
ered and called W -spin operators by Lipkin and Meshkov[11]. We have seen that
they are not conserved quantities, but their Cini-Touschek transforms σ′′n are con-
served in the free quark limit. This property was discovered by Melosh[9].
The importance of the spin operators σ′′n is that they also occur in the symmetry
of the vertex in which the singled out direction is given by the momentum transfer.
The meaning of γ4 can be elucidated by exhibiting the transformation proper-
ties of the conserved quantities[5],[12]. We distinguish between C-odd and C-even
conserved covariant spin tensors. The C-even tensor is given by
Ωµν = −i
∫
Hµν0d
3x (43)
where
Hµνλ = −1
4
ψ¯σµν
←→
∂ λψ = − i
2
ǫµνλρψ¯γ5γρψ + additional terms (44)
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is conserved:
∂λHµνλ = 0 (45)
so that the Ωµν are time independent. These are related to the Wigner spin as
W−1Ω0iW = 0
1
2
ǫijkW
−1ΩjkW = Ωi =
1
2
∫
(a†pσiap + b
†
pσibp)d
3p (46)
Hence they can be interpreted as quark spin plus antiquark spin and are asso-
ciated with the σ′i.
Note that Ωi generate SU(2) but not the covariant quantities Ωµν .
The C-odd conserved covariant tensor is
Ω5µ = −i
∫
Hµ0d
3x (47)
where
Hµν = − i
4m
ψ¯γ5γµ
←→
∂ νψ =
1
2
ψ¯σ˜µνψ + add. terms (48)
and
∂νHµν = 0 (49)
Making the unitary W transformation we find the non-covariant objects
Ω
′
i = W
−1Ω5iW =
1
2
∫
(a†pσiap − b†pσibp)d3p (50)
W−1Ω50W = O (51)
These conserved quantities are the quark spin minus the antiquark spin and corre-
spond to γ4σ
′
i. The 12(Ωi ± Ω
′
i) generate the SU(2) × SU(2) group of quark and
antiquark spin. They correspond to 1
2
(1 ± γ4)σ′i. These are sometimes called the
f spin and the f¯ spin.
When we do the Cini-Touschek-Melosh transformation on Ωµν and Ω5µ, the
C-odd operators Ω′1,Ω
′
2 and the C-even Ω3 commute with the Hamiltonian H
′′
.
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If now we let p3 →∞ then
Ω3 → 1
2
σ3 → 1
2
γ5 (52)
and the C-even subgroup of SU(6) becomes the chiral SU(3) × SU(3) group
whose generators commute with massless Dirac Hamiltonian, so that
lim
p3→∞
[SU(3)× SU(3)]σ3 = [SU(3)× SU(3)]γ5 (53)
To sum up, the free Dirac Hamiltonian in the Foldy-Wouthuysen form admits
a SU(2N)q × SU(2N)q¯ symmetry where N corresponds to the dimension of the
internal space and q, q¯ refer respectively to quarks and antiquarks. If a longitudinal
direction is singled out by an additional term in the Lagrangian, then the Dirac
Hamiltonian can be transformed by a Cini-Touschek transformation relative to the
longitudinal direction and the Hamiltonian has a SU(2N)W invariance associated
with the subgroup of SU(2N)q × SU(2N)q¯ involving the C-odd transverse spin
and the C-even longitudinal spin.
Vertex Symmetry for Interacting Fermions
Consider the coupling of the fermion ψ to a boson φ. If the virtual boson with mo-
mentum q is emitted by the fermion ψ(p) in momentum space so that the fermion
wave function changes from ψ(p) to ψ(p′), then p−p′ = q is the momentum trans-
fer. ψ(p) and ψ(p′) may refer to states with different internal quantum numbers
such as u and d quarks. In the approximation that these states are degenerate
in mass the momentum transfer q is space-like and singles out a space direction.
Thus a Yukawa interaction term will involve a direction in momentum space (the
q direction) which can be taken as the direction singled out by the Cini-Touschek
transformation.
Then the interacting Hamiltonian can have a non-local (q-dependent) SU(6)W
symmetry, provided the free boson Lagrangian also exhibits an SU(6)q ×SU(6)q¯
symmetry generated by C-even and C-odd spin operators. Hence we need two
kinds of bosons to achieve vertex symmetry: C-even bosons φ and C-odd bosons
ωµ. Those which have the same parity can be grouped in the same multiplet.
Negative parity bosons will transform like the S-states of the (q¯q) system, so that
we can choose multiplets of JPC bosons which transform like ψγ5ψ (0−+) and
ψ¯γµψ (1−−).
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Let us write such a Yukawa coupling in the case of no internal symmetry
L = L0 + Lint
L0 = L0(ψ) + L0(φ) + L0(ωµ)
Lint = igψ¯(γ5φ+ γµωµ)ψ (54)
where L0(ψ), L0(φ) and L0(ωµ) are respectively free lagrangians for the fermion,
the pseudoscalar and the vector bosons, with L0(ωµ) chosen so that the equations
of motion also yield the subsidiary condition
∂µω
µ = 0 (55)
essential for associating ωµ with a 1−− object, and Lint is the simplest non-
derivative Yukawa coupling for the fermion-boson system.
We could now find the Fourier transform ofL by introducing the Fourier trans-
forms ˜¯ψ(p′), ψ˜(p) and φ˜(q), ω˜µ(q), and then do a Cini-Touschek transformation
with respect to q. Instead we shall consider a simplified situation corresponding
to quasi-free heavy fermions that will justify the static limit. Then
ξ± =
1
2
(1± γ4)ψ (56)
correspond approximately to the particles and antiparticles. Writing M for the
large quark mass, we can consider an effective interaction of the quarks with
mesons (φ and ωµ) that are in fact qq¯ bound states bound by gluon exchange
forces. If ψ is quasi-free we can write
ψ¯γ5ψ =
1
2M
∂µ(ψ¯γ5γµψ)
igφψ¯γ5ψ =
−ig
2M
ψ¯γ5γµψ∂µφ+ total divergence
=
−ig
2M
ψ¯γ5γ4ψ∂0φ− ig
2M
ψ¯γ5γ · (∇φ)ψ (57)
The first term is of the order µ
2M
if µ is the meson mass and negligible in the
static limit. In the second term the operator γ4γ5γ = −σ commutes with γ4 and as
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a result does not mix particle states with antiparticle states, so that putting ξ+ = ξ
(particle wave function) we can make the replacement
igφψ¯γ5ψ −→ ig
2M
ξ†σ · (∇φ)ξ (58)
For the vector meson ω0 is not independent of the independent variables ωi
(i = 1, 2, 3) and we can write igψ¯γ · ωψ = gψ†γ5σ · ωψ. Expressing small
components in terms of the large components in the free-Dirac approximation,
and neglecting total divergence terms we can make the replacement
gψ†γ5σ · ωψ −→ ig
2M
ξ†[(σ ×∇) ·ω]ξ + ig
2M
ξ†(∇ · ω)ξ (59)
In momentum space i∇ gives the virtual space-like momentum k of the mesons,
so that if we call σ‖ and σ⊥ the longitudinal and transverse spin operators we have
iσ ·∇ = |k|σ · k|k| = |k| σ‖ (60)
iσ ×∇ = |k|σ × k|k| = |k| σ⊥ (61)
and the interaction term takes the approximate form
Lint = g|k|
2M
ψ†(σ‖φ+ γ4σ⊥ ·ω⊥ + ω‖)ψ
∼ g|k|
2M
ξ†ω‖ξ +
g|k|
2M
ξ†(σ‖φ+ σ⊥ ·ω⊥)ξ (62)
with φ and ω⊥ forming an SU(2)W triplet. ω‖ = k·ω|k| is a singlet. If we interpret
Lint in x space, then
|k| =
√
−∇2 (63)
σ‖ = W
†(−i∇)σ3W (−i∇) = −iσ ·∇√−∇2
σ⊥
(1) = W †(−i∇)σ1W (−i∇)
σ⊥
(2) = W †(−i∇)σ2W (−i∇) (64)
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W =
√
M + σ ·∇
(M2 −∇2) 12 (65)
with
W †(−i∇)W (−i∇) = 1 (66)
Both σ‖ and σ⊥ generate SU(2)W and combine with an internal SU(N) to give
SU(2N)W . Performing a Cini-Touschek-Melosh transormation in the k direction
for the kinetic term we see that the generators of this SU(2N)W commute with
the transformed Hamiltonian including the effective approximate interaction term.
Here it is important to note that the Yukawa coupling Eq.(54) is invariant under
the local symmetry group SO(4, 1) acting on the five dimensional representation
(φ, ωµ) of SO(4, 1). But this group does not leave L0 invariant since Eq.(55)
that is a consequence of the choice of L0 is not covariant under SO(4, 1). Only
the non-local SU(2)W is the symmetry of L = L0 + Lint. If we include the
internal symmetry group SU(3), then we can write a Yukawa interaction term
that has SU(6, 6) invariance instead of SO(4, 1) in our simplified example. This
is the group introduced by Salam et. al. As is well known, SU(6, 6) cannot be a
symmetry of the Lagrangian. But as far as we can separate positive and negative
frequency parts of ψ we have an approximate SU(6)W symmetry for the whole
Lagrangian. In OCD where the quarks are quasi-free inside the hadron, such
an approximation is justifiable because of asymptotic freedom. In that sense we
may say that the approximate vertex symmetry mixing spin and internal degrees
of freedom like isospin is better understood within the QCD framework. The
covariant generalization involves the spin current densities Eq.(44) and Eq.(48).
The corresponding covariant spin operators Ωµν and Ω5µ that are conserved in
the free quark approximation do not lead to a close algebra in general. However
it can be shown[12] that the matrix elements of the transverse part of Ω5µ and
the longitudinal part of Ωµν between one particle states do lead to closure and to
SU(6)W symmetry in a special frame.
Since mesons are extended objects, a quark-meson coupling such as Eq.(54)
cannot be a local interaction. In general there will be a form factor F (q), where
q is the momentum transfer at the vertex. Expanding the form factor in powers
of q is equivalent to writing effective interactions involving higher derivatives of
the meson fields. As an example we can write an effective Lagrangian with pseu-
dovector coupling for the pseudoscalar meson and a Pauli coupling for the vector
15
meson ωµ, so that
L′int =
f
2M
ψ¯[iγ5γµ∂µφ+
1
2
σµν(∂µων − ∂νωµ)]ψ (67)
where f is a new coupling constant. We can also write
L′int =
f
2M
ψ†[γ5∂0φ+σ ·∇φ+ iγ5γ4σ · (∂0ω−∇ω0)+γ4(σ×∇) ·ω]ψ (68)
Taking the momentum k of the exchanged mesons to be space-like and along
the third (longitudinal) direction, we find
L′int =
f
2M
|k|ψ†(σ‖φ+ γ4σ⊥ · ω⊥)ψ +O(k2) (69)
again exhibiting the W-spin invariance of the vertex.
Symmetry in the Potential Approximation
In the one boson exchange approximation between heavy quarks we consider the
case when the quarks emit two gluons that can turn into a color singlet, C-even,
qq¯ bound state (effectively a pseudoscalar meson φ) or the alternative case when
they emit three gluons that go into a color-singlet, C-odd, qq¯ bound state (effec-
tively a vector meson ωµ). Then the mesons φ and ω will have effective coupling
constants (g for non derivative and f for derivative couplings) arising from the
expansion of their form factors. We can use these couplings also to describle
the baryon baryon potential due to meson exchange[13]. Indeed the baryons host
three quasi-free quarks each. Following the usual quark additivity assumption we
shall let one quark from each baryon interact at a time, while the other (spectator)
quarks remain idle. When the active quarks emit several gluons in a colored state,
that state cannot propagate due to color confinement. The active quarks can make
contact only through emission of two or three gluon color singlet states which, in
turn can create mesons in intermediate states. Hence g and f will also be effective
coupling constants for the baryon-meson interactions and will enter in the calcula-
tion of effective baryon baryon potentials due to meson exchange. Thus, starting
from a scenario in QCD we are able to justify the Moeller-Rosenfeld[14] model
in which baryons exchange vector and pseudoscalar mesons with symmetrical
coupling constants. Accordingly we consider in the following the effective quark-
meson vertex with no renormalizability restriction on the form of the Yukawa
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interaction. The φ exchange between quarks will give for the Fourier transform
v(k) of the potential
v(k) =
g
2M
2
(σ(1) · k)(σ(2) · k)(|k|2 +m2)−1 (70)
where k is the space-like momentum transfer (in a frame with k0 = 0), m is
the meson mass, M the quark mass (that becomes the baryon mass when we add
the masses of the spectator quarks) and f the pseudoscalar coupling constant. Its
Fourier transform gives the potential due to φ, namely[13]
V (φ) ≈ m
4π
g2
m2
4M2
[
1
3
σ(1) · σ(2)φ+ S12χ] (71)
where φ and χ are functions of x = mr, and S12 is the tensor operator
S12 =
3(σ(1) · r)(σ(2) · r)
r2
− σ(1) · σ(2) (72)
with
r = |r1 − r2| (73)
and
φ(x) =
e−x
x
, χ(x) = (
1
3
+
1
x
+
1
x2
)
e−x
x
(74)
Similary, the exchange of the vector meson ωµ gives in the same approximation
of neglecting recoil
V (ω) ≈ m
4π
{g2(1 + m
2
8M2
)φ+ g2
m2
4M2
[
2
3
σ(1) · σ(2)φ− S12χ]} (75)
In this limit we can also put
f = g
m
2M
(76)
In this approximation the total potential V is
V ≈ m
4π
g2{(1 + m
2
8M2
)φ+
m2
4M2
σ(1) · σ(2)φ} (77)
Introducing the projection operator
P S =
1
2
(1 + σ(1) · σ(2)), (P S)2 = P S (78)
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with eigenvalue 1 on spin singlet states, we have
V =
m
4π
g2{(1− m
2
8M2
)φ+
m2
2M2
P Sφ} (79)
Hence the potential is a superposition of two spin independent potentials namely
φ and P Sφ. The tensor terms S12 in V φ and V ω are spin dependent and highly
singular at x = 0. If φ and ω have the same mass and the same coupling constant
these terms cancel, resulting in a smooth wave function for the solution of the
Schro¨dinger equation with V as potential. Rarita and Schwinger[15] observed that
even in the case mφ 6= mω the potential is smooth enough for the Schro¨dinger
equation to be soluble provided that gφ = gω.
In order to generalize this model to include isospin we note that diagrams con-
sidered so far violate the Zweig rule[16] according to which disconnected quark di-
agrams are suppressed. The φ and ω that are exchanged in these Zweig-forbidden
diagrams are not only color singlets but also flavor singlets, i.e. they have zero
isospin or unitary spin. Another effective interaction between quarks will occur
through the exchange of color singlet but flavor carrying qq¯ bound states, such
that q and q¯ are associated with different flavor quantum numbers. For example
we can have
d+ u −→ d+ (u+ d¯) + d −→ d+ u (80)
where the bracketed u and d¯ form an intermediate bound state (π+ or ρ+) that
is exchanged between a u quark and a d quark. Again we can call g the effective
coupling constant (u¯dπ+) or (u¯dρ+). If m is the mass of the exchanged meson and
M the common mass of u and d assumed to be degenerate, the potentials resulting
from π+ and ρ+ exchange will have respectively the forms Eq.(71) and Eq.(75),
so that for the equal coupling constant and equal mass case the total potential will
have the form Eq.(79). Including all the charged and neutral states, the total u− d
potential results from the exchange of 0− mesons η, πi and 1− mesons ωµ and
ρiµ, where i = 1, 2, 3 are isospin labels. Denoting the degenerate (ud) pair by
ψ(I = 1/2) we have the effective interaction term
Lint = i
2
gψ¯(γ5η + γµωµ + γ5τ · pi + γµτ · ρµ)ψ (81)
Including the spin states, the quark doublet (particles) form the 4 dimensional
representation of SU(4) while the bound state η is an SU(4) singlet. The pi, ω
and ρ form the adjoint 15 dimensional representation of SU(4). With respect to
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the SU(4)W symmetry of the vertex, ω‖ is the SU(4)W singlet, while the SU(4)W
(15) consists of
(η,ω⊥), ρ
i
‖, (π
i,ρi⊥) (82)
The exchange of these mesons leads to the potential of the form
αφ+
1
4
β(1 + σ(1) · σ(2))(1 + τ (1) · τ (2))φ (83)
that commutes with the SU(4) generators found from 1
4
(1+σ(1) ·σ(2)) and 1
2
(1+
τ (1) · τ (2)). This potential is therefore spin and isospin independent in the limit of
degenerate masses and equal coupling.
If the mass degeneracy is lifted by allowing πi and ρi to have different masses,
a tensor force S12 occurs in the potential between u and d, hence, between the pro-
ton and the neutron, so that the deuteron acquires an electric quadrupole moment.
The right sign and magnitude are found[17] if the ρ is three to four times heavier
than the pion, in accordance with experiment.
The SU(4) symmetry we have found is broken when we add to the potential
recoil terms associated with the one boson exchange. These are proportional to
L · S (spin-orbit) and Q12 (quadrupole) given by
L = r× p, S = 1
2
(σ(1) + σ(2))
Q12 =
1
2
[(σ(1) · L)(σ(2) · L) + (σ(2) · L)(σ(1) · L)] (84)
Using φ and χ defined by Eq.(74) we can write the additional terms associated
with ω exchange as
V ωadd = −
m
4π
g2
3m2
2M2
(
1
x
+
1
x2
)φL · S+ m
4π
g2
3m4
16M4
1
x2
χQ12 (85)
The exchange of the pseudoscalar φ contributes no L · S or Q12 terms that
may cancel the highly singular additional terms due to ω exchange. A Q12 term
that can cancel the Q12 term can only come from the exchange of a scalar meson
σ. Accordingly we can enlarge our scheme by adding a scalar field σ with the
Yukawa interaction
Lσint = gψ¯ψσ (86)
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to the interaction term Eq.(55). Then we have an additional potential due to σ
exchange that reads[13]
V σ = −m
4π
g2{(1− m
2
8M2
)φ+
m2
2M2
(
1
x
+
1
x2
)φL · S+ 3m
4
16M4
1
x2
χQ12} (87)
In the total potential
V = V φ + V ω + V σ (88)
the Q12 terms cancel, leaving
V =
m
4π
g2
m2
2M2
φ{P S − 4(1
x
+
1
x2
)L · S} (89)
The term with P S (where P S is given by Eq.(78)) is spin independent while
the term in L · S breaks this symmetry.
Chiral Symmetry in the Extended Moeller-Rosenfeld
(M-R) Model.
The M-R model without isospin is based on ω and φ exchange. We have seen
that, neglecting recoil, the model gives a spin-independent potential between the
fermions. Including recoil we get a highly singular potential with spin dependent,
spin orbit and quadrupole terms. The extended M-R model, with the inclusion
of a scalar σ-meson gives a spin independent potential broken only by relativistic
spin-orbit terms. But now, for vanishing fermion mass, the Lagrangian exhibits
a higher symmetry, namely invariance under U(1)× SU(2)W where U(1) which
rotates φ and σ is a chiral group. It follows that the extended model has both
SU(2)W and chiral invariance. If we introduce isovector fields πi (pseudoscalar),
ρiµ (vector), δi (scalar), the potential becomes
W = (1 + τ
(1)
i τ
(2)
i )V (90)
where V is given by Eq.(89). The new potential is both spin and isospin indepen-
dent except for spin dependent L · S terms. The generators of SU(4)W are
S =
1
2
(σ(1) + σ(2)), T i =
1
2
(τ
(1)
i + τ
(2)
i ), S T
i (91)
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SU(4)W becomes SU(6)W if the isospin is replaced by unitary spin. But
the Lagrangian also has an additional chiral symmetry in the zero quark mass
limit. If the masses of the u and d quarks are neglected we have an SU(2)L ×
SU(2)R invariance in chromodynamics. For free quarks, combination with spin
leads to SU(4)L × SU(4)R invariance. The qq¯ states belonging to the adjoint
representation will have both positive and negative parities. Adding singlets σ
and φ we consider the 32 states
En, σ, φ, ωn (n = 1, 2, 3)
Ain, δ
i, πi, ρin (i = 1, 2, 3) (92)
where i is the isospin index and n labels the independent spatial components of
mesons with spin 1. Here φ, πi, ωn, ρin have negative parity while the scalar
mesons (σ, δi) and the pseudovector mesons (En, Ain) have positive parity. The
scalar mesons σ and δi are necessary to cancel the Q12 terms due to ω and ρ
exchange respectively. Thus the smoothing out of the wave functions for bound
states of light quarks (for which the recoil corrections are important) enlarges the
SU(4)W vertex symmetry that combines spin and isospin to include also the chiral
symmetry SU(2)L × SU(2)R.
As indicated before, using the additivity principle for the quarks inside the
baryons and letting one quark in each baryon exchange a meson at a time, both the
SU(4)W symmetry and the chiral symmetry are reflected in the potential between
two baryons.
Note that the cancellation of the Q12 terms requires the degeneracy of σ with
ωn and δi with ρin. This corresponds to an O(4) subgroup of SU(4) × SU(4)
which seems to be broken less than SU(4).
Larger group structure
Now U(4, 4) has 64 generators, whereas SU(4, 4) has 63. Writing
SU(4, 4) ⊃ SU(4)× SU(4) ⊃ SU(4) or SU(4)W (93)
and
SU(4, 4) ⊃ SO(4, 4) ⊃ SO(4)× SO(4) ⊃ SO(4). (94)
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Then part of the L that is in (1)-rep is
ψ¯ǫψ = ψ†LψRǫ+ h.c. (95)
In (28)-rep of SO(4, 4) part of L is
ψ¯[σµν{(∂µων − ∂νωµ) + iγ5(∂µEν − ∂νEµ) + τ
2
(iγ5pi + δ)]ψ +
ψ¯iγ5γµ(Eµ + ∂µη˜)ψ + ψ¯iγµ
τ
2
ψρµ =
ψ†Lσ{(∇× ω + i∇× E) + (∂0E−∇E0) + i(∂0ω −∇ω0)}ψR + h.c.
+ψ†Liτ · piψR + ψ†Liτ · δψR + h.c.
+(ψ†LτψL + ψ
†
RτψR)ρ0 + (ψ
†
LσnτψL − ψ†RσnτψR)ρn
+(ψ†LψL − ψ†RψR)(E0 + ∂0η˜) + (ψ†LσnψL + ψ†RσnψR(En + ∂nη˜) (96)
and in (35) of SO(4, 4) it is
ψ¯[iγ5η +
1
2
σµν
τ
2
{(∂µρν − ∂νρµ) + iγ5(∂µaν − ∂νaµ)}]ψ
ψ¯{iγµωµ + iγ5γµτ
2
· (aµ + ∂µpi)}ψ
= ψ†L[iη + τσn · {(∇× ρ)n + i(∂0ρn − ∂nρ0)
+(∂0an − ∂na0) + i(∇× a)n}]ψR + h.c.
+(ψ†LψL + ψ
†
RψR)ω0 + (ψ
†
LσnψL − ψ†RσnψR)ωn
+(ψ†LτψL − ψ†RτψR)(a0 + ∂0pi)
+(ψ†LσnτψL + ψ
†
RσnτψR)(an + ∂npi) (97)
We now look at decomposition under SU(4)L×SU(4)R subgroup of SU(4, 4).
Parts containing
ψ†LΩψR − ψ†RΩψL
terms have negative parity, while the parts with
ψ†LΩψR + ψ
†
RΩψL
have positive parity. These lead to combined parts in L
22
ψ†L{ǫ+ σn[(∂0En − ∂nE0) + (∇× ω)n] + τ · σ
+σnτ · [(∂0an − ∂na0) + (∇× ρ)n]}ψR + h.c.
+ψ†L{iτ · pi + iσn(∂0ωn − ∂nω0) + iσn(∇× E)n + iη
+iτσn · (∂0ρn − ∂nρ0) + iτσn · (∇× a)n}ψR + h.c. (98)
where we put the positive parity parts in the first half, and the negative parity parts
in the second half of this equation. Now that η˜ is a mixture of η and η′ we can now
consider the 32 states (16 negative and 16 positive parity parts) which transform
like (4, 4¯)+(4¯, 4) under SU(4)L×SU(4)R with ∂µEµ = 0, ∂µωµ = 0, ∂µEµ = 0,
∂µaµ = 0, and ∂µρµ = 0. For time-like meson momentum, E0, ω0, a0, ρ0 = 0,
and for space-like meson momentum in Oz direction E3, ω3, a3, ρ3 = 0 so that
E‖, ω‖, a‖, and ρ‖ vanish. The 4 × 4 = 1 + 15 occur in ψ†LψL, ψ†RψR parts. LL,
RR parts give the 31 generators
(1, 1) + (15, 1) + (1, 15) (99)
put together with above 32 giving the 63 generators of SU(4, 4). One boson
exchange of above (4, 4¯) + (4¯, 4) gives on cancellation due to equality of q −
q−meson coupling constant a potential of the form
1
2
(1 + τ (1) · τ (2))1
2
(1 + σ(1) · σ(2)) V (r) (100)
while the L · S term breaks the symmetry.
It is also possible to use non-compact form of Sp(4) ⊃ SU(4, 4).
Making the JPC identifications η˜ (0−+), pi (0−+), ωµ (1−−), ǫ(f0) (0++), δ(a0)
(0++), Eµ(f1µ) (1+−), Aµ(bµ) (1+−), under SU(2)L×SU(2)R exchanging parti-
cles η˜ with δ(a0), pi with ǫ(f0), ωµ with Aµ(bµ), and ρµ with Eµ(f1µ) also leads
to the same potential including relativistic corrections (recoil).
Remarks on Symmetries Involving Spin and Internal
Symmetries
We have seen that an approximate combination of spin and internal degrees of
freedom arises in effective Lagrangians where the couplings of the qq¯ bound states
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to quarks (q) or baryons (qqq) are almost equal and the masses are almost degen-
erate. The SU(4), SU(6) or SU(8) generators that close are not in general covari-
ant. They are related to the covariant operators σn, σnλa by a unitary transforma-
tion that is momentum dependent, hence non-local. This unitary transformation
can be worked out for the free quark case. It serves as a model for the interact-
ing case and works very well in phenomenological applications[18][19][20]. The
success of this procedure is now partially understood by the asymptotic freedom
of quarks interacting through gluon exchange. At short spatial separation quarks
are quasi free, so that their positive and negative frequency parts can be separated
and they can be subjected to Foldy-Wouthuysen-Tani or Cini-Touschek-Melosh
type transformations. The vertex then exhibits an SU(6)W type symmetry for a
quark emitting a meson with space-like momentum. If the meson momentum is
time-like, the meson can only be coupled to a quark-antiquark pair, each with a
time-like momentum (in general not on the mass shell). In this case the effec-
tive interaction Lagrangians of the form Eq.(54) and Eq.(67) have an SU(2) (no
flavor), SU(4) (isospin flavor) or SU(6) (unitary spin flavor) symmetry with the
correspondences (in the SU(4) case)
τ i ←→ πi, σ ←→ ω, τ iσ ←→ ρi (101)
which give the usual SU(4) classification for the bound states qq¯. The spin de-
pendence of the one-gluon exchange between q and q¯ introduces a σ(1) ·σ(2) term
that splits π from ω and ρ and leads to the mass formula for SU(6)
M = M0 +M1Y +M2[I(I + 1)− 1
4
Y 2]−M3S(S + 1) (102)
that was proposed[21] in 1964. The M0 part comes from the exact SU(6) limit
valid for the spin independent confining potential[22]. This spin independence is
only seen in the lattice approximation in QCD. We have found a partial justifica-
tion in the Moeller-Rosenfeld model with quarks exchanging almost degenerate
qq¯ bound states. The S(S + 1) part comes from short range one-gluon exchange
forces as shown by de Ru´jula, Georgi and Glashow[23] who find the value of M3
to be proportional to αs, the QCD fine structure constant and inversely propor-
tional to the masses of the constituent quarks. Finally the M1 and M2 terms come
from quark mass difference.
The spin independent confining force can be largely simulated by an effective
scalar field as shown by Schnitzer[24].
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A phenomenological bag model description of the hadron is obtained by R.
Friedberg and T. D. Lee[25] if the phenomenological scalar field (regarded as a
function of invariants constructed out of two-gluon fields and three-gluon fields)
is assumed to have different vacuum expectation values inside and outside the
hadron. As shown by the same authors the large mass of the color and flavor
singlet can be understood by the contribution of the 2-gluon annihilation diagram
for qq¯.
Once we have this phenomenological picture for hadrons we can get non-
trivial decay amplitude relations for mesons going into 2 mesons or baryons de-
caying into baryons (by emission of mesons or photons) by using the unitary
transformation between the vertex spin operators and the covariant spin opera-
tors. The non-covariant spin belongs to the 35-dimensional adjoint representation
of SU(6)W . It is a function of the covariant spin operators of current algebra
and the momentum. The momentum dependence can be taken into account by
consideration[26] of the group SU(6)W × SO(3) where the SO(3) is associated
with the orbital angular momentum exhibiting the momentum dependence. The
SO(3) part can be described by the quantum number L = 0, 1, 2, etc.. We have
seen that in the infinite momentum frame γ5 converges to the longitudinal spin
σ‖ or σ3 (with O2 being chosen as the longitudinal direction). The pion operator
γ5τ in current algebra becomes σ3τ . The conserved spin is obtained by a uni-
tary transformation of this operator. It will belong in general to a superposition of
(35) L = 0, L = 1, L = 2, etc.. For a given matrix element of the pion operator
between two states (meson states for pionic decay of mesons, baryonic state for
pionic decays of baryons) only a limited number of these representations (35, L)
will contribute. That will immediately give non-trivial relations between meson-
meson-pion amplitudes or between baryon-baryon-pion amplitudes. γ-decays or
vector meson decays are handled in similar fashion. The details of this analy-
sis can be found in the reviews of Meshkov[27] for meson decays, Hey[28] for
baryon decays or in the numerous original articles[18][19][20] exploring the uni-
tary transformation between the SU(6) operators of the non-covariant constituent
quarks and the SU(6) operators of current algebra generated by covariant current
quarks. More model dependent and detailed descriptions of the bound states and
decay processes are obtained in a semi-classical field theory of quarks bound by
a confining (harmonic or linear) potential that is from the outset taken to be spin
independent[22].
The chiral structure is related to the approximate zero mass of the u and d
quarks and the negligibly small mass of the pion[29]. In quark phenomenology
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the u and d quark masses are usually taken to be one third of the proton or neutron
masses. On the other hand, if they are evaluated from the deviations from exact
chiral symmetry in current algebra, they are found to be of the order of a few MeV.
The two pictures can be reconciled by putting massless quarks in a bag (resulting
from an effective scalar field) of radius R, assuming that the sphere of radius
R is the boundary of regions where the scalar field assumes different vacuum
expectation values. Then, quarks behave as if they had a mass proportional to
R−1 which can be adjusted to one third of the proton mass. For an attempt to
understand the zero pion mass within this phenomenological bag model based on
QCD, see Friedberg and Lee’s article[25].
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